We use the AdS/CFT correspondence and the holographic softwall model to investigate the Deep Inelastic Scattering (DIS) in the exponentially small x (Bjorken Parameter) regime. We calculate the corresponding structure functions for scalar fields. Using these results we studied the problem of the saturation line in the strong interactions. Our results are consistent with those achieved using other models.
I. INTRODUCTION
At the end of the 1960s there were performed at the Stanford Linear Accelerator Center (SLAC) a series of experiments in which electrons with energy above 21 giga electronvolts (GeV) were directed towards " proton-targets " and as a result of this scattering were produced a variety of hadronic final states. This type of scattering is known as deep inelastic scattering (DIS). This scattering has immense importance in high energy physics, because was through it that was revealed the internal structure of protons.
This scattering is called deep because it occurs in high energy and it is inelastic because the resulting particles are different from the initial state. The figure 1 shows a pictorial representation of a deep inelastic scattering between a lepton , exchanging a virtual photon of momentum q and one target hadron with momentum P . X represents the various other hadrons that can be produced from the collision. The important parameters for the DIS are the virtuality of the photon, given by q 2 = q µ q ν η µν = −Q 2 , with metric signature η µν = (−, +, +, +), and the Bjorken variable x, defined by x ≡ −q 2 /2.P.Q Some other parameters are also relevant, such as the mass M of the initial hadron, such that M 2 = −P 2 , and the squared center-of-mass energy, s = −P 2 X = −(P + q) 2 . The condition s ≥ M 2 defines the range of Bjorken variable x, such that 0 ≤ x ≤ 1. Strictly speaking, both for the DIS, and for other processes, the incoming electron corresponds to the q 2 → ∞ limit with x fixed. In the DIS case the Bjorken variable itself defines the inelasticity of scattering.
The differential cross section for DIS can be written as
where α is the fine structure constant, L µν electron is the leptonic tensor and W µν is known as the hadronic tensor and is the quantity of interest here. Assuming that the initial hadron state is not polarized, the hadronic tensor has the following form [1]:
where |P,Q represents a normalizable hadronic state with 4-momentum P µ and electric charge Q of the initial hadron and J µ is the electromagnetic hadronic current.
Using the gauge invariance, q µ W µν = 0, and Lorentz covariance the tensor in (2) can be decomposed as follows:
where W 1 (x, q 2 ) e W 2 (x, q 2 ) are called the structure functions. These functions describe the distribution of momenta of the quarks inside the protons.
For the particular regime where x ∼ 0.5 and q 2 ∼ 1 (GeV) 2 there is an approximate relation between these functions known as the Callan-Gross relation
Using the optical theorem one can relate the tensor W µν through the imaginary part of the forward Compton scattering, describe by the tensor:
where T {O 1 O 2 } means that the operators product is temporally ordered.
As T µν has the same decomposition of W µν , it also has the structure functionsW 1 (x, q 2 ) andW 2 (x, q 2 ). One can relate those structure functions, using the optical theorem, so:
W s (x, q 2 ) ≡ 2π ImW s (x, q 2 ); s = 1, 2.
The description of strong interactions via quantum chromodynamics (QCD) is consensus across the scientific community, even at low energy limit (g Y M > 1) where the QCD can not be treated perturbatively.
An innovative proposal to overcome this difficulty is the anti-de Sitter correspondence/Conformal Field Theory (AdS/CFT) [2] [3] [4] [5] [6] . This conjecture or duality relates a conformal N = 4 super Yang-Mills theory (SYM) with symmetry group SU (N ), with N → ∞, living in 3 + 1 dimensional flat spacetime (Minkowski) with a superstring theory in a 10-dimensional curved spacetime known as anti de Sitter space which can be mathematically described as AdS 5 × S 5 . From general arguments of the AdS/CFT conjecture one can see that there is an isomorphism between the Hilbert spaces of the bulk and boundary theories.
The SYM theory at the boundary has a continuous spectrum of particles, which is a consequence of its conformal symmetry. Due to this symmetry, the AdS/CFT correspondence can not be used directly in the study of hadrons because in general one can not define an S matrix for this problem. Polchinski and Strassler [7] studied glueball scattering in four dimensions using the AdS/CFT correspondence and proposed that this scattering would correspond to a finite region of the AdS 5 space, thus the conformal invariance should be broken. In the works [8, 9] a cut off at a certain value z max of the radial z coordinate of AdS space was introduced and and it was considered a slice of AdS space in the region 0 ≤ z ≤ z max with a boundary condition at z = z max . Moreover one can associate the size of AdS slice with the energy scale of the QCD:
This model is known as the hardwall and although it has an abrupt infrared cut off it proved quite promising and some interesting results were found [10] [11] [12] [13] . For the DIS, within the hardwall context, some important results have been achieved [14] [15] [16] [17] [18] [19] .
The softwall model (SW) arises with the aim to make the breaking of the conformal invariance with a softer infrared cut off. This model is quite interesting because it provides linear Regge trajectories for mesons and glueballs [20, 21] . These phenomenological models are known generically as AdS/QCD models.
In this present work the structure functions will be calculated for the DIS using the formulation of AdS/QCD in the softwall model. Other studies for DIS have been discussed within the softwall model finding results consistent with the literature [22, 23] and for other DIS studies using holographic models see for instance [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] .
In particular, in ref. [22] the SW model was used to discuss the DIS problem in the large and small Bjorken parameters. Here, in this work, we extend this discussion to the exponentially small Bjorken parameter. This is important because the exponentially small x regime is relevant to the discussion of saturation in QCD wich we will address here in the section V. This problem was discussed within the hardwall model in [16] . Since the hardwall and softwall models have different spectra, in particular leading to different Regge trajectories, we want to study the saturation line in the softwall model to see if it leads to any different behavior.
This work is organized as follows: in section II, we review the main properties of the softwall model and its description of the DIS process. In section III, we discuss the exponentially small x regime within the softwall model and calculate the corresponding structure functions. In the section IV, in order to emphasize our results found in section III, we compare then with the ones found in the literature. In section V, we use the results of the previous section to study the saturation line in strong interactions as implied by the softwall model.
Finally, in section VI, we present our conclusions.
II. THE SOFTWALL MODEL AND THE DIS
The holographic SW model was proposed originally for the study of vector mesons [20] and subsequently extended to glueballs [21] . The SW model introduces a decreasing exponential factor in the action for the fields by phenomenological motivation and to obtain a linear Regge trajectory. It is a natural extension of the hardwall model, that is, is an alternative way to break the conformal invariance in the boundary theory and, therefore, make it an approximate effective theory for QCD. In this model, the action for the fields found in the AdS 5 × S 5 space will be [22] :
where L is the Lagrangean density, φ is a scalar dilaton field, g is the determinant of the metric g M N of the AdS 5 × S 5 space, given by:
z is the holographic coordinate, dΩ In particular, in ref. [20] it was shown that if the dilaton is written as: The ref. [14] showed, using the hardwall model, that the tensor given by (5) can be decomposed as the sum intermediate states X with mass M X produced in the collision, then:
whose matrix element P + q, X|J µ (0)|P, Q represents the vertex of the interaction of the virtual photon of momentum q with the initial hadron with momentum P and the final hadron with momentum P X = P + q. In the eq. (11)J µ (q) represents the Fourier transform
The vertices can be mapped to certain terms of interaction in supergravity. In the case of scalar hadrons the relevant interaction term to supergravity is associated with a KaluzaKlein gauge field A m = (A µ , A z ), which does not depend on the coordinates of S 5 space, and two scalar fields Φ i and Φ X related respectively with the initial and final states of hadron. This relationship between the matrix element of the gauge theory and supergravity interaction term is presented in [14] , and is given by:
where η µ is the photon polarization and the states Φ can be decomposed as
a plane wave with 4−momentun in the four physical dimensions times a function of the other six dimensions.
Here, in the SW case, there is a modification in (12) due the dilaton background field.
Then (12) can be written as [22] :
An important observation is that the fields A m and Φ in (14) are not the same as the ones found in (12) since they have been modified by the introduction of dilatonic field. As a consequence, the solutions presented in (14) will involve the confluent hypergeometric functions instead of Bessel functions, as in (12).
The action for a massless gauge field in the SW model is given by:
which leads to the following equation of motion
or explicitly: (17) with boudary condition
that represents the insertion of an operator η µJ µ (q). The gauge field satisfies Maxwell's equation D m F mn = 0 in the AdS 5 space, where D m is the covariant derivative and
Choosing a suitable Lorentz-like gauge:
the field equations are:
where
; 1; kz 2 ) and U(1 + q 2 4k ; 2; kz 2 ) are confluent hypergeometric functions of the second kind and A and B µ are parameters to be calculated in the following.
To find B µ we used the boundary condition (18) and the following relationship, with z → 0, so that
Then one gets
). So A µ is given by:
Using this results in (17), one gets A = iq.η 2
) so that, A z is given by:
Looking at the expressions (22) and (23) one can realize that both potential decreases rapidly for the following situation:
Therefore, one can define an effective maximum for the radial coordinate z, which is independent of cut off scale k, then:
For the scalars fields from (8),
which leads to the equations of motion, up to a multiplicative constant factor
The introduction of mass m 2 5 is made to adjust the conformal dimension ∆ of the field associated with the hadron. According to the holographic dictionary, the conformal dimension of on operator is related with a p−form by the following relationship:
Using the ansatz for the scalar field (13) and the following normalization conditions
one can get normalizable solutions, given by:
where L m n are the associated Laguerre polynomials with order n, with n ≥ 0. As was shown in [22] one can obtain the following relationship:
n are the masses of the hadronic states. Then, assuming that the initial hadron with momentum p = P has the lowest mass in the spectrum (n = 0) equals to √ 2k∆, it follows that the initial state of the hadron is given by:
In the case of final state with momentum p = P X , one can establish a similar relationship to (31) given by:
Thus, the final state of hadron can be written as follows:
As the last step in this section it is necessary to establish now how to represent the exponentially small x regime that will be studied in this work. The energy scale for the DIS is given by, s = −(P + q) 2 ≈ q 2 1 x − 1 . The holographic relationship between the momenta in string theory and momenta in gauge theory is given byp µ = p µ z/R, wherep µ is the momentum as seen by an inertial observer placed in 10−dimensions. The quantities for 4− dimensional gauge theory are written without tilde and quantities with tilde denote 10− dimensional objects. From this, one can write the following relationship:
Assuming that the interactions occur effectively in the region 0 < z < z int , with z int given by (25) , the above inequality implies that:
This relationship tells us that the DIS energy scale in the framework of string theorys has a maximum determined by the Bjorken variable x. The regime to be studied in this work is defined as x ∼ exp(− √ g s N ).
III. THE EXPONENTIALLY SMALL x REGIME IN THE SOFTWALL MODEL
The DIS in the exponentially small x regime is characterized by multiple pomeron exchange represented by gravitons in de AdS/CFT correspondence [14] .
The dominant contribution at high energies to the strings scattering amplitude in the 10−dimensional SW model is
which is identified with the amplitude of forward Compton scattering in four dimensions with the following form:
In (37) one can identify L eff,string = (KG)| t=0 , where K is a kinematic factor and G is the Virasoro-Shapiro factor for closed strings in a 10−dimensional Minkowski space, given by:
Then, one can write (37) as
where v a are the Killing vectors of the compact space S 5 (or generically W ), F mn is associated with an incoming photon with 4−momentum q µ and outgoing with 4−momentum q µ and Φ represents the incoming and outgoing scalars state with 4−momentum P µ and P µ X , respectively .
The condition x << 1 implies P · q >> q 2 >> P 2 , then the dominant contribution comes from the first term in (40) corresponding to (P · q) 2 when m = µ and p = ν. Then:
Using the Stirling approximation for the Virasoro-Shapiro factor and performing an expansion aroundt = 0 the expression (39) can be written as:
As K is real, the imaginary part of S string is determined by the imaginary part of G|t →0 .
Then the imaginary part from excited strings is
It is important to note that in (43) the last factor, i.e., the small-angle Regge behavior of the string amplitude, becomes important for ultra small x since the variablet in ten dimensions is not exactly zero even if t = 0. This occurs becauset includes in addition derivatives in the transverse direction just like s as can be seen below in Eq. (45) . Although t is small on the string scale, of order (g s N ) −1/2 , its effects becomes large for exponentially large s or equivalently to exponentially small x.
Following the prescription given in [14] by insertings α t /2 ∼ x −α t /2 , averaging over the delta functions in (43), sinces ∝ 1/x as can be seen in (36) , and replacingt as a differential operator acting on the t channel, then:
The Mandelstam variables in the 10−dimensional space,t es, are related to the variables t and s of 4−dimensional space by
Assuming that everything is smooth in the radial direction, therefore, z∂ z = O(1) and the dimensionless Laplacian on W is assumed to be similar to O(1), then, using (45) one gets α s = α s(z 2 /R 2 ) plus corrections of order α /R 2 ∼ (g s N ) −1/2 which for excited strings states can be neglected compared to the integer m in the delta function. Following this reasoning one can write (43) as follows:
Finally, one can write (41) as
The fields strengths will be calculated as solutions of the gauge fields given in (22) and (23), so that
Making the following substitutions: X = kz 2 , z = X/k e ∂ z = 2 k 1/2 X 1/2 ∂ X , then:
Using the following property of confluent hypergeometric functions:
one can write (49)
For the second field strength:
regrouping some terms one finds
by defining
For the scalars states one can use the solution to initial states showed in (32) and is given by:
where a = (1/R 4 ), so that
By replacing (53) and (56) in (47), one gets:
The nabla operator in the exponent is indeed the Laplacian which describes diffusion into the fifth dimension for the spin 2 exchanged graviton. This operator appears due to the fact that there is a finite amount of momentum transferred into the z direction, although the momentum transferred in four physical dimensions is strictly zero [14, 15] .
According to [16] , one can write:
with
For the following redefinition β ≡ ln(z 2 0 /z 2 ) with z = QR 2 and z 0 = ΛR 2 , one gets:
then
where we used (59) and the fact that Φ i ∼ z ∆ ∼ e −∆ β , as was showed in (55).
We will use the following normalization,
where ρ is a dimensionless quantity.
Integrating (57) over d 4 y and using (60), one can write
Expanding the delta function in (62) as follows:
One can note that using (35) , z m , given by z m = 2R m/α s can be approximated as:
Using (54) and (64) in (62), one gets:
With (38) and (65), one obtains:
where (1/R 4 ), one can write the structure functions (6) as:
These are the structure functions for DIS within the softwall model in the exponentially small x regime. This is the main result of this section.
In the next section we are going to compare this result with others known from the literature. In section V, we are going to use this result to discuss the saturation line in large
In this section we will to compare ours structure functions, W 1 and W 2 , represented by Eq. (70) found in section III, using the holographic softwall model with the ones obtained by Polchinski and Strassler in ref. [14] within the holographic hardwall model.
In order to do this comparison, we will rewrite the expressions of I 1 and I 2 , given by Eqs.
(68) and (69) since the structure functions, W 1 and W 2 , are dependent of these expressions.
So, let us start using the following property for the confluent hypergeometric functions of the second kind: 
and then
In a similar way for I 2 , using Γ(j) = (j − 1)Γ(j − 1)(x) α |ξ|/2 , one gets
One can further approximate the series in (73) and (74) by integrals with the following substitutions, as showed below.
For I 1 , for instance, one has:
or
where w m ≡ 2 √ ζ m and w 1 = 2(4πg s N )
then one can writẽ
Now one can get a suitable expression for I 1 , given by: 
and the structure functions of the two models are approximately equal at very small x. Then Eq. (73) can be written as
which is essentially the hardwall result [14] .
Analogously for I 2 one can approximate:
by definingĨ
2∆ + 2 (85)
In the above approximation we used the same reasoning as that for obtaining Eq. (81).
The equation (85) represents the difference between the soft and hardwall models for the structure function W 2 . The second term in Eq. (85) is explicitly this difference and is very small for very small x. Then, Eq. (74) can be written as
With these approximations one can rewrite the softwall structure functions at exponentially small x regime given by (70), as
Computing the ratio of these structure functions one finds
Using I 0,n = n−1 n+1
so that, one has:
One can note that this ratio is the same found in [14] using the hardwall model. There is a small difference between the structure functions in the soft and hardwall models. This difference can be seen for instance in Eq. (79). The first term in the r.h.s. of this equation
gives exactly the contribution that is equal to the one from the hardwall model. Then, the second term in Eq. (79) gives the difference between the two models. But this term is
proportional to x 2∆+4 and since x is exponentially small, this difference is also exponentially small.
V. THE SATURATION LINE IN THE SOFTWALL MODEL
Another question that can be analyzed from the DIS in the exponentially small x regime within the softwall model, concerns the saturation line in QCD. This study was done previously in [16] within the hardwall model.
The saturation is an interesting issue in QCD, because in a QCD phase diagram, τ − β,
where τ = ln 1/x and β = ln Q 2 /Λ 2 , the saturation line represents a transition between weak and strong scattering regions. The saturation line can also be understood, for a fixed virtuality Q, as a transition between linear and non-linear regimes.
The saturation line is related to a saturation scale, Q s (x), where Q s (x) is the saturation momentum, which can be roughly express as Q For a fixed energy and increasing the virtuality or resolution Q 2 , the number of partons increases while the size of gluons decreases, in fact, the number of partons increases logarithmically while the size of gluons decreases as ∼ 1/Q 2 , so that the proton becomes more and more diluted. This evolution is described in QCD by Dokshitzer-Gribov-Lipatov-AltarelliParisi or DGLAP equations [40] [41] [42] .
On other hand, for a fixed Q 2 and increasing the energy one can note a quickly growing in the nunber of partons, but keeping the same size, resulting in an increase in density inside the proton. This evolution is described in QCD by a linear equation, known as the Balitisky-Kuraev-Fadin-Lipatov or BFKL equation [43] [44] [45] .
If the energy is still increasing (fixed Q 2 ) one has to take into account non-linear effects which are described by the Balistisky-Kovchegov or BK equation [46, 47] , and the JalilianMarian-Iancu-McLerran-Weigert-Leonidov-Kovner or JIMWLK equation [48] [49] [50] [51] [52] [53] [54] [55] .
After this quick revision, let us start our analysis performing a change of variables in the metric given by (9) , such that:
Moreover, from the expression (57) it is clear that the structure function is proportional to the term shown below:
Such term, will be in fact the relevant one for the discussion of the saturation line.
Using the following substitution, τ ≡ ln (1/x), where the rapidity τ can be interpreted as the evolution time, one can rewrite (96), with the following spectral decomposition:
Using (59), with β ≡ ln(u 2 /u 2 0 ), where u = QR 2 and u 0 = ΛR 2 , then, one gets:
Then using the integral representation of the heat kernel we have:
where λ ≡ R 2 /α .
Solving the Gaussian integral in (99), one gets:
where we defined ω 0 = 1 − 2/ √ λ, D = 2/ √ λ, and we also used the fact that
The equation (100) shows a Pomeron-like particle with an intercept 1 + ω 0 = 2 − 2/ √ λ in accordance with [16] .
At this point, there is a valid comment to be made. Holography usually works in the N c → ∞ limit. In order to obtain corrections with a finite number of colors one has to consider quantum corrections to the gravitational action. For instance, Wilson loops with finite N c corrections have been proposed in [56] [57] [58] .
In this work we are considering a simple AdS/QCD model with large N c . But, from a phenomenological point of view, inspired in QCD results, we introduce a factor 1/N 2 c assuming a finite N c and rewrite (100), to obtain the scattering amplitude:
Then, using the unitarity bound limit T 0 (β, β , τ ) ∼ 1 and neglecting the effects of prefactor 1/(2 √ πDτ ) in (102) one gets:
where one can define β s0 (τ ) ≡ 4Dτ [− ln N 2 c + ω 0 τ ]. The above result can be understood as the elementary scattering amplitude between states located around β and β in the single-pomeron-exchange approximation. In this scenario, the unitary bound determines the saturation line for a dilaton localized at β , so one can write:
where β s0 (τ ) refers to a dilaton located at u ∼ u 0 , with u 0 = ΛR 2 . Using (103), one can infer the critical value of the parameter τ , given by τ cr = (1/ω 0 ) ln N 2 c . The expression (103) is valid for the regime
Using the single pomeron approximation, one can compute Eq. (101) with corrections for unitarity violations, such that for τ > τ cr , one can write
Although Eq. (106) was defined for weak amplitude regime, i.e., T (β, τ ) 1, one can extrapolate its use to the vicinity of the unitarity limit T ∼ 1 in the same sense as discussed in [16] . Due to this, the second integral in (106) refers to the dilaton contribution for large u values and has a trivial solution. The first integral in (106) contains the dilaton contribution for small values of u which are weakly scattered for the R−bosons. The overall amplitude is dominated by components living the infrared cutoff, as well as in the perturbative QCD.
The integrand of the first integral becomes maximum for β = β − 2∆Dτ , but for β < 2∆Dτ the integral is dominated by its lower limit β = 0, then
For β s β s0 (τ ) the amplitude in (107) becomes of O(1).
The calculations performed in (107) were based on the condition β < 2∆Dτ , which implies in β s < 2∆Dτ or β s0 < 2∆Dτ . Then, using (103), one can define
For values of τ < τ d the second term in (107) is suppressed by the first, then
with β < 2∆Dτ . In this regime, the scattering is governed by dilaton component near the infrared cutoff, given by u 0 = ΛR 2 .
For values of β > 2∆Dτ , still keeping τ < τ d , one gets
The amplitude in (106) can be replaced by (109) because the expression found in (107) can not be considered for large values of τ and β. Then, to take into account the unitarity bound, one can write 
From the set of equations (103), (108) These results are in agreement with those found in [16] for the saturation line using the hardwall model.
VI. CONCLUSIONS
The present work was based on the use of the AdS/CFT correspondence to circumvent the difficulty of studying physical phenomena outside the perturbative regime of QCD. In addition, this work can be seen and understood through two main goals. The first one is the calculation of the DIS structure functions at exponentially small x, shown in section III, and the second one is a study of saturation line, shown in section V. In both cases, we used the holographic approach of the softwall model in ten dimensions. A comparison between the structure functions from the soft and hardwall models was given in section IV.
The exponentially small x regime is very interesting because it implies non-local modifications of the structure functions with the inclusion of a power differential operator in thẽ t channel, in ten dimensions. This Regge factor is not trivial because although the fourdimensional t vanishes, the ten-dimensionalt is not zero, including derivatives in transverse directions. Althought is small in scale strings of the order of (g s N ) −1/2 , its effects become large for exponentially larges or equivalently to exponentially small x.
The choice of the softwall model was due to the fact that this model provides linear Regge trajectories, unlike the hardwall.
Another question that can be analyzed from the DIS in the exponentially small x regime, and that is the second objective of this work, concerns the study of the saturation line.
In the work [16] the hardwall model was used in the exponentially small x regime within the DIS, to study the saturation line obtaining a phase diagram similar to the one expected for QCD.
The study made in this present work aimed to investigate if the introduction of a dilatonic scalar field in the the gauge fields, which is a softwall approach requirement, produces some modification in the phase diagram found in [16] . By the arguments used in Section V, the softwall gauge fields can be perfectly used for this study and we found a similar form of the structure functions W 2 (x, q 2 ).
We have also seen in section IV that the DIS formulations of hardwall and softwall are equivalent up to exponentially small terms thus supporting the results found in [14] and [16] . In particular, this can be seen explicitly in Eqs. (80) and (85) where the softwall contributions are expressed in terms of hardwall contributions plus corrections of the order of x ∆+n , with ∆, n > 0. So, the difference between the structure functions of these models at exponentially small x are negligible. Then, we conclude that the IR difference between these two models are not important for exponentially small x physics.
Finally, it would be interesting to investigate if corrections of the order of 1/N c could modify these results. A possible way to include these corrections may be inspired in the
